We study the effect of higher-derivative terms on holographic Schwinger effect by introducing the Gauss-Bonnet term in the gravity sector. Anti-de Sitter (AdS) soliton background is considered which is dual to confining phase of the boundary field theory. By calculating the potential between the produced pair, we find that larger Gauss-Bonnet factor λ makes the pair lighter. We apply numerical method to calculate the production rate for various cases. The results show that the Gauss-Bonnet term enhances the production rate. The critical behaviors near the two critical values of the electric field are also investigated, and it is found that the two critical indexes are not affected by the Gauss-Bonnet term and thus suggests a possible universality.
weak-field regime and the result is [3] Γ = (eE) 2 (2π) 3 e − πm 2 eE
where e and m are the charge and mass of the created particles, respectively. Here E is the external electric field. This novel nonperturbative phenomenon can be explained as a tunneling process, and is not unique to QED but usual for QFTs coupled to an U (1) gauge field.
From the above formula of the production rate, it is easy to see that there exists a critical value of the electric field above which the effect is not exponentially suppressed any more and the vacuum becomes catastrophically unstable. It is interesting to see that there is also a critical electric field (related to the string tension) in string theory, above which open strings with opposite charges residing at the two endpoints respectively become unstable [4, 5] . Its analogy with the Schwinger effect in QFTs inspires attempts to realize the latter in the AdS/CFT context [6] [7] [8] .
The first step to achieve this goal is to realize a system coupled with a U (1) gauge field. In the best established example of AdS/CFT, namely the duality between N = 4 superconformal Yang-Mill theory (SYM) and type IIB supergravity in AdS 5 × S 5 , this can be realized by breaking the gauge group from SU (N + 1) to SU (N ) × U (1) via the Higgs mechanism in the CFT side.
After the breaking, the fundamental scalar fields in the W-boson supermultiplet, which are often called "W-bosons" or "quarks", are coupled to a U (1) as well as an SU (N ) gauge field. In the AdS side, this step amounts to separate one D3-brane (the probe D3-brane) from the stack of D3-branes. Proposed in Ref. [9] (see also an earlier work [10] ), the probe D3-brane is placed at a finite radial position rather than at the boundary in order to make the mass of W-bosons finite rather than infinitely heavy. Then the exponential factor in the production rate of W-bosons can be evaluated by calculating the classical Euclidean action of the string worldsheet which is anchored on a circular Wilson loop on the probe D3-brane. This calculation has been done for pure AdS background, and then the critical value of the electric field can be read off which agrees with the one obtained by analyzing the Dirac-Born-Infeld (DBI) action. Later, this proposal is generalized to pair-production of other "particles", such as monopole-antimonopole pairs and dyon-antidyon pairs [11] , and also to the case with magenetic fields [12] .
This calculation is then generalized from pure AdS to other interesting backgrounds, more specifically backgrounds describing geometries of AdS soliton [13, 14] (see also [15, 16] ). These backgrounds, according to the AdS/CFT, are dual to confining phase of QFTs [17, 18] . The motivation for studying these confining backgrounds comes from QCD, where quarks are usually in a confining phase and the Schwinger effect may provide a new mechanism of a confinement/deconfinement phase transition. It is expected that the Schwinger effect may be observed on RHIC and LHC, where collision of heavy ions always induces strong enough electro-magnetic fields. By applying the prescription described above, the production rate of W-bosons can also be calculated. From the results, it is found that, beyond the usual critical value E c of the electric field, there exists another threshold E s below which the Schwinger effect can not occur. This can be seen as a characteristic of confining backgrounds. These two critical values can also be derived by analyzing the behavior of the potential between W-bosons [19, 20] . Moreover, by analyzing the behavior of the classical Euclidean string action near the two critical values, two universal indexes are found which are independent of the location of the probe D3-brane. Investigations are also extended to the case where the induced metric on the probe brane is curved [21] , and to Lifshitz and hyperscaling violation geometries [22] . For a recent review on this topic, see Ref. [23] .
As the holographic setup of the Schwinger effect is closely related to the string theory, it is natural to take into account various stringy corrections. In this paper, we would like to consider one stringy correction, more specifically, the effect of Gauss-Bonnet terms whose existence will modify the confining backgrounds. On the field theory side, it amounts to consider the effect of finite (but large) 't Hooft coupling. We would like to see how this higher-derivative term affects the properties (the mass for example) of W-bosons and the Schwinger effect. Moreover, it is also interesting to see whether the two universal critical indexes are modified or not. These are the main motivations of the present work.
The paper is organized as follows. In the next section, we briefly introduce the Gauss-Bonnet soliton background. In Sec. III, by analyzing the potential between W-bosons holographically, the mass of W-bosons and the two critical values of the electric field are obtained. In Sec. IV, we calculate the production rate of W-bosons holographically and analyze the critical behaviors. The last section is devoted to summary and discussions.
II. CONFINING BACKGROUND IN GAUSS-BONNET GRAVTIY
The action of Gauss-Bonnet gravity in
where the first term is the cosmological constant term, Λ = −
2L 2 , λ is the Gauss-Bonnet factor, which is usually constrained in the range [24] [25] [26] 
by respecting the causality of the dual field theory on the boundary and preserving the positivity of the energy flux in CFT analysis.
From the action, we can derive the equations of motion
where
The above equations of motion admit an AdS soliton solution [27] 
which can be obtained from the Gauss-Bonnet black hole solution [28] by a double Wick rotation.
The geometry terminates at z = z s . Requiring regularity of the geometry at this point will make the coordinate φ to be periodic, φ ∼ φ + β s with β s = 4π d z s . According to AdS/CFT, this geometry is dual to the confining phase of field theory [17, 18] .
In the following sections, we will only consider the case with d = 4, that is the dual field theory we consider is (3 + 1)-dimensional. Then, from Eq. (3), the Gauss-Bonnet factor is constrained in the range − 7 36 ≤ λ ≤ 9 100 . We choose the convention that L = 1. We work with Euclidean signature which can be achieved by the Wick rotation t → −iτ .
III. POTENTIAL ANALYSIS
In this section, we would like to analyze the potential between produced W-bosons holographically. We consider a rectangular Wilson loop on the probe brane located at z = z 0 . Without loss of generality, we can put it on the plane spanned by τ − x 1 :
where x 1 is one of the un-compacted coordinates on the brane. T and x denote the length and width of the Wilson loop respectively, and T ≫ x. It is well known that the expectation value of the Wilson loop is related to the potential between W-bosons V (including the static energy of the pair) as W (C) ∼ e −T V . On the other hand, according to the AdS/CFT duality, we have W (C) ∼ e −S NG in the classical limit [29, 30] , where S N G is the classical string action with the worldsheet anchored on the Wilson loop. So we can evaluate the potential by calculating the classical string action. Considering the symmetry of the background, the string worldsheet can be parameterized by only one function, z = z(x 1 ), and the induced metric on the world sheet is
where prime means derivative with respect to
. Then the classical string action is
where T F is the string tension and detG ab is the determinant of the induced metric on the worldsheet. The classical string configuration z = z(x 1 ) can be derived by minimizing the action. Note that the integrand in the action does not depend on x 1 implicitly, so there is a conservation equation
with z c being the tip of the string configuration z c ≡ z(0). Using the above conservation equation, we have
from it the distance between W-bosons can be expressed as
where the following dimensionless parameters have been introduced,
and f (y) = 
In the limit of a → b (which corresponds to x → ∞), the potential up to order O(λ 2 ) is given by
The first term represents a linear potential characterizing the confining phase. Up to order O(λ 2 ), the second term can be explained as the static energy of the pair,
Note that the coefficient of the λ-term in the square bracket,
, is negative which means increasing λ will decrease the mass of the pair. From the above equation, we can see that the mass of the pair is related to the location of the probe brane z 0 via the parameter b when z s is fixed. When we are moving the probe brane towards to the boundary, m W becomes heavier and heavier and eventually are infinite.
By including the effect of an external electric field E along the x 1 direction (Later, we will see how this external electric field appears naturally), the total potential is
being the critical electric field above which the vacuum is catastrophically unstable.
According to the analysis of the potential for general backgrounds in Ref. [20] , there are two critical values of the electric field,
. When E < E s , the pair is confined and no Schwinger effect can occur. When E c > E > E s , there is Schwinger effect but is exponentially suppressed, While E > E c the vacuum is catastrophically unstable. In Fig. 1 , we plot the total potential for some chosen parameters. The Schwinger effect can be understood as a tunneling process in the presence of the potential. From the figure, we can indeed see that when α < 0.25(E < E s ), the potential is divergent at infinity and the produced pair has no chance to escape to infinity. When α = 0.25(E = E s ), the potential becomes flat as x → ∞. When
, there is the potential barrier and the Schwinger effect can occur as tunneling process. While α > 1.0(E > E c ), the barrier vanishes and the vacuum becomes unstable catastrophically.
IV. HOLOGRAPHIC SCHWINGER EFFECT
A. Production rate
According to the prescription in Ref. [9] , the Schwinger effect can be evaluated by calculating coordinates (ρ, θ) in the plane. And then the string worldsheet can be parameterized by only one function: z = z(ρ). The induced metric on the worldsheet is
The holographic pair production rate (per unit time and unit volume) is
where the integral is done over the string worldsheet. The string action contains two parts. The first part is the usual Nambu-Goto action, and the second part represents the coupling with the NS-NS (NS stands for Neveu-Schwarz) 2-form, B 2 = B 01 dτ ∧ dx 1 , which on the probe brane plays the role of the external electric field. With the induced metric, the two parts can be expressed as
where we define the external electric field as E ≡ T F B 01 . Here, we use x to denote the radius of the circular Wilson loop. The classical string configuration z = z(ρ) can be derived by minimizing the action which gives the equation of motion as
To solve this equation, suitable boundary conditions are needed. Note that the equation of motion is singular at ρ = 0, so to make our numerical calculation available we impose the boundary conditions at the neighborhood of ρ = 0,
where ǫ is a small parameter with order of 10 −3 typically. The higher order terms can be derived by solving the equation of motion around ρ = 0 order by order. z c = z(0) is the tip of the worldsheet and determined by the constraint
After solving the equation of motion with the boundary conditions, we get the classical string configuration z = z(ρ) and then the whole action, which will be a function of the radius of the circular Wilson loop x. And then according to the prescription in Ref. [9] , one further step is needed which is to choose the value of x minimizing the action. This step would make the numerical analysis much harder. However, this step can be replaced by imposing an additional condition to the classical string solution as pointed out in Ref. [12] . This is the mixed boundary condition for the string coordinates in the presence of B 2 and leads to the constraint condition (This mixed boundary condition is applicable for general backgrounds with metric taking the form as Eq. (6)),
To do numerical calculations and compare with the Einstein case in Ref. [14] , we set the endpoint of the soliton as z s = 1 and the string tension 2πT F = 10. Then the pair production rate depends on the remaining three parameters: α, λ and z 0 . We calculate numerically the classical action S and the exponential factor e −S for various α, λ and z 0 . In Fig. 2 Our numerical results agree well with the analysis.
To see the effect of the Gauss-Bonnet term, in Fig. 3 we fix z 0 /z s = 0.1 and plot the exponential factor e −S as a function of α for chosen various λ. From the figure, we can see that for fixed α, larger λ makes e −S larger. This means that the existence of the Gauss-Bonnet term enhances the Schwinger effect. This can be understood by looking at the total potential, as shown in the right panel of Fig. 3 , from which we can see that as λ increases the height and width of the potential barrier both decreases thus making the produced pair easier to escape to infinity. This can also be understood from Eq. (16), where we mention that larger λ makes the mass of the pair smaller, and thus it is easier to create them from vacuum. As the Gauss-Bonnet term can be viewed as From the potential analysis in previous section, we know that the Schwinger effect ceases to disappear when E approaches E s , meaning that S should diverge at
with γ s being a positive index. It is found that, for various λ, our numerical data near α = α s can be well fitted by the function From the figures, we can see that coefficients C(α s , λ) and D(α s , λ) both depend on α s . Also they are found to depend on λ, as can be read off from Fig. 7 where we plot the fitting results for various λ. These results suggest a possible universality of the index of the leading term
which is the same as in Einstein case Ref. [14] and not affected by the Gauss-Bonnet term. More interesting, it is found that the fitting coefficient C(α s , λ) is very close to zero that has been noticed in Ref. [14] for Einstein case and may suggest the existence of a phase transition.
Next, let us discuss the critical behavior of S near E = E c . As stated above, the background becomes catastrophically unstable when E > E c , which means S has the following behavior near 
It is found that our numerical data near α = 1 for various cases can be well fitted by the function B(α s , λ)(1−α) 2 , as shown in the Fig. 8 where we give two samples with λ = 0.05, −0.1 respectively.
These results suggest a possible universality of the index
which is also the same as in Einstein case Ref. [14] and not affected by the Gauss-Bonnet term.
It is also found that the coefficient B(α s , λ) not only depends on α s but also on λ, as can be seen from the Fig. 9 . 
V. SUMMARY AND CONCULSIONS
In this paper, we consider the effect of higher-derivative terms on holographic Schwinger effect by introducing Gauss-Bonnet term in the gravity sector. We consider a soliton background which is dual to confining phase of the field theory. Along with the prescription in Ref. [9] , we calculate the potential between the produced pair holographically, from which we can read off the mass of the pair. We note that larger λ makes the pair lighter. Moreover, the two critical values of the electric field can also be obtained from the potential, with one of which characterizing the confining phase. Then we holographically calculate the production rate by using numerical method. From the results, we can see that the Gauss-Bonnet term indeed affect the production rate. Larger λ makes e −S bigger, which means the existence of the Gauss-Bonnet term enhances the Schwinger effect. By fitting our numerical data near the two critical values of the electric field, we can obtain the two critical indexes. It is interesting to find that they both are not affected by the Gauss-Bonnet term, which suggests a possible universality. How to interpret their universality is still unknown.
It is interesting to see if this universality still holds in other backgrounds, such as dilaton deformed AdS solition [27] . This can be left as a further investigation.
It is also interesting to note that the dynamics of confinement is more complex than found by tree-level arguments. This has been reviewed long time ago in lower dimensional models [31, 32] and in the first idea about quark confinement [33] as well as in the question of confinement versus screening problem [32, [34] [35] [36] , which relies deeply on the dynamics of the quantum fields. It is fortunate that the AdS/CFT technique provides means to handle these questions with classical methods.
